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$s=\sigma+it$ $\zeta(s)$ Riemann $\text{ }$ $1975$ .
Voronin








, Dirichlet-L , Dedekind
$L$ Universality theorem ([4] )
Hecke $L$ Universality
,
$K/\mathbb{Q}$ , $\mathrm{f}$ $K$
$I_{\mathrm{f}}=$ { $a$ :ideals of $K|(a,$ $\int)=1$ },
$P_{\mathrm{f}}=\{(\alpha)$ : principal ideals $|\alpha\in K,$ $\alpha\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} \tilde{\mathrm{f}})\}$ .
$K^{(1)},$
$\cdots,$
$K^{(r_{1})}$ $K$ , $K^{(r_{1}+1)},$ $\cdots,$ $K^{(r_{1}+r_{2})},\overline{K^{(r_{1}+1)}}$ ,
$\ldots,\overline{K^{(r_{1}+r_{2})}}$ $K$ $\alpha\in K$ $K^{:}$ $\alpha^{(i)}$
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$K$ ?$\mathrm{b}\mathrm{B}$ (Hecke )
Definition1. $a_{p},$ $v_{q}$
$\{$
$a_{p}=0,1$ $1\leq p\leq r_{1}$
$a_{p}\in \mathbb{Z}$ $r_{1}+1\leq p\leq r_{1}+r_{2}$
$v_{q}\in \mathbb{R}$ $1\leq q\leq r_{1}+r_{2}$ $s$ . $t$ . $\sum_{q}v_{q}=0$ .
$\chi$ $I_{\mathrm{f}}$ $a=(\alpha)\in P_{\tilde{\mathrm{f}}},$ $\alpha\equiv$




$\chi$ , $\Re s>1$ $L(s, \chi)$
$L(s, \chi)=\sum_{a}\frac{\chi(a)}{Na^{s}}$
$a$ $K$ 0 $Na$ $a$






$C$ strip $\sigma_{K}<\sigma<1$ compact
$f(s)$ $C$ $C$
$\forall\epsilon>0$ ,
$\lim_{Tarrow}\inf_{\infty}\frac{1}{T}rn(\{\tau\in[0, T]|\max_{s\in C}|L(s+i\tau, \chi)-f(s)|<\epsilon\})>0$ .






Proposition $\mathrm{L}\chi$ (mod f) $K$ $p$ $K$













$D= \{s\in \mathbb{C}|\frac{1}{2}<\sigma<1\},$ $H(D)=\{f(s)$ :
$Darrow \mathbb{C}|$ holomorphic on $D$} $H(D)$ compXta
$B(H(D))$ $H(D)$ $T>0$
$P_{T}(A)= \frac{1}{T}m(\{\tau\in[0,T]|L(s+i\tau, \chi)\in A\})$ $A\in B(H(D))$ .
$L(s+i\tau, \chi)$ $\mathbb{R}$ $H(D)$- $P_{T}$
$(H(D), B(H(D)))$ , $L(s, \chi)$ Euler
$L(s, \chi)=\prod_{\mathfrak{p}}(1-\frac{\chi(\mathfrak{p})}{N(\mathfrak{p})})^{-1}$ $(\sigma>1)$ .
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$K$ $p^{\ovalbox{\tt\small REJECT}} \prod_{\ovalbox{\tt\small REJECT}}\mathfrak{p}\ovalbox{\tt\small REJECT}^{i}$
$L(s, \chi)=\prod_{p}(\prod_{i=1}^{z_{\mathrm{p}}}(1-\frac{\chi(\mathfrak{p}_{i})}{p^{y\dot{.}s}})^{-1})=\prod_{p}f_{p}(\frac{1}{p^{s}})$





$P_{L}(A)=m_{H}(\{\omega\in\Omega|L(s, \chi, \omega)\in A\})$ $A\in B(H(D))$
$m_{H}$ $(\Omega, B(\Omega))$ Haar univer-
sality 2 lemma
Lemma 1(limit theorem). $Tarrow\infty$ $(H(D), B(H(D)))$
$P_{T}$ $P_{L}$
Lemma 2 (denseness lemma). $p$ : , $a_{p}\in\gamma$
$g_{p}(s, a_{p})=- \log f_{p}(\frac{a_{p}}{p^{s}})$
,
$\{\sum_{p}g_{p}(s, a_{p})|a_{p}\in\gamma$ , $H(D)$ }
$H(D)$ dense
2 lemma universality ,
$f(s)$ , $G= \{g(s)\in H(D)|\max_{s\in C}|f(s)-g(s)|<\epsilon\}$
$\mathrm{G}$ Lemma 1
$\lim_{Tarrow}\inf_{\infty}P_{T}(G)\geq P_{L}(G)$





Lemma 1 (limit theorem)
$L$ (Matsumoto zeta ) $D$ 2
([3] )
, {$\log p|p$ : primes} $\mathbb{Q}$ ,
\mbox{\boldmath $\alpha$}: ,Hurwitz zeta $\zeta(s, \alpha)$ universal-
ity ([2] ) $\text{ }$ Riemann zeta ,
$\{\log(n+\alpha)|n\geq 0\}$ $\mathbb{Q}$
Lemma 2(denseness lemma) $g_{p}(s, a_{p})=-\log f_{p}(\begin{array}{l}\mathrm{r}^{a}p^{s}\end{array})$
Tay
$g_{p}(s, a_{p})=a_{p} \frac{\alpha_{p}}{p^{s}}+h_{p}(s, a_{p})$ ,
$\sum_{p}\max_{s\in C}|h(s, a_{p})|<\infty$
$\alpha_{p}$ Definition 1 $g_{p}(s, a_{p})$
$a_{p^{\frac{\alpha}{p}\mathrm{A}}}$. , Lemma 2
Bagchi ([1] )
Lemma 3. $\mu$ $(\mathbb{C}, B(\mathbb{C}))$ Borel $D$ commpact support
,
$\sum_{p}|\int_{\mathbb{C}}\frac{\alpha_{p}}{p^{s}}d\mu|<\infty$
$\int_{\mathbb{C}}s^{r}d\mu(s)=0$ for all $r\geq 0$
Riemann zeta , $\alpha_{S}\overline{p}$. $\frac{1}{p}$. $\alpha_{p}=1$
$H(D)$ Hilbert
Lemma 3 $\underline{\alpha}_{\mathrm{A}}$ , $|\alpha_{p}|$
$p$





$U(\tilde{\mathrm{f}})$ $\tilde{\mathrm{f}}$ , $\eta_{1},$ $\cdots,$ $\eta_{r}(r=r_{1}+r_{2}-1)$
(1) \iota
, $\chi_{\infty}(\eta_{i})(i=1, \cdots, r)$ $v_{q}$
$v_{q}= \sum_{j=1}^{r}E_{q}^{(j)}(2\pi m_{i}-\sum_{p=r_{1}+1}^{r_{1}+r_{2}}a_{p}_{j}^{(p)})$ $(q=1, \cdots, r_{1}+r_{2})$ .
$E_{q}^{(j)},$ $_{j}^{(p)}$
$\eta_{1},$ $\cdots,$ $\eta_{r}$ $m_{q}$
$E_{q}^{(j)},$ $_{j}^{(p)}$ $\alpha\in K$
$W_{q}( \alpha)=\sum_{p=1}^{r_{1}+r_{2}}E_{p}^{(q)}\log|\alpha^{(p)}|$ $(q=1, \cdots, r)$
$_{p}( \alpha)=\frac{1}{2\pi}\{\arg\alpha^{(p)}-\sum_{j=1}^{r}_{j}^{(p)}W_{j}(\alpha)\}$ $(p=r_{1}+1, \cdots, r_{1}+r_{2})$ ,
, $\omega\in K$ , $(\omega)$
$\omega$ $K$ ,
Lemma 4( [6]). $x>0,$ $\mathrm{f}$ $N\mathrm{f}\leq(\log x)^{A}(A>0)$ $K$
$\{\alpha_{q}\},$ $\{\alpha_{q}’\},$ $\{\beta_{p}\},$ $\{\beta_{p}’\}$
$0<\alpha_{q}-\alpha_{q}’\leq 1$ $(q=1, \cdots, r)$ ,
$0<\beta_{p}-\beta_{p}’\leq 1$ $(p=r_{1}+1, \cdots, r_{1}+r_{2})$ .
$U(\tilde{\mathrm{f}})$
$\eta_{1},$ $\cdots,$ $\eta_{r}$ , $W_{q},_{p}$
$\{$
$\omega\equiv 1$ (mod $\tilde{\mathrm{f}}$), $|N\omega|\leq x$ ,
$\beta_{p}’\leq\ominus_{p}(\omega)<\beta_{p}\alpha_{q}’\leq W_{q}(\omega)<\alpha_{q}$ $(p=r_{1}+1,\cdots, r_{1}+r_{2})(q=1,\cdots,r),$
.
$\omega$ $\tau \mathrm{r}(x, \alpha_{q}, \alpha_{q}’, \beta_{p}, \beta_{p}’)$ ,
$\pi(x, \alpha_{q}, \alpha_{q}’, \beta_{p}, \beta_{p}’)$
$= \prod_{q=1}^{r}(\alpha_{q}-\alpha_{q}’)\prod_{p=r_{1}+1}^{r_{1}+r_{2}}(\beta_{p}-\beta_{p}’)\frac{w(\tilde{\mathrm{f}})}{h(\tilde{\mathrm{f}})}\int_{2}^{x}\frac{dt}{1\mathrm{o}\mathrm{g}t}+O(xe^{-c\sqrt{1\text{ }\mathrm{g}x}})$
$h(\tilde{\mathrm{f}})\mathrm{t}\mathrm{h}\tilde{\mathrm{f}}$ $K$ , $w(\tilde{\mathrm{f}})$ $U(\tilde{\mathrm{f}})$ 1
$O$ -constant $A$
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, Lemma 4 Proposition 1 $K/\mathbb{Q}$
3
$K/\mathbb{Q}$ : Galois , $N\mathrm{f}=f,$ $\mathrm{f}’=(f),$ $G=$
$Gal(K/\mathbb{Q})$ $\langle$
$\text{ }$ $p$ $\mathfrak{p}_{1}$ 1 $\mathfrak{p}_{1}=(\omega)\in$




, $|\alpha_{p}|$ $n$ , $\delta>0$
$| \sum_{q=1}^{n}(v_{\sigma(q)}-v_{q})\log|\omega^{(q)}||\leq\delta$ for $\sigma\neq 1$
$W_{q}(\omega)$ $\{E_{p}^{(q)}\}$








$\mathfrak{p}_{1}=(\omega),$ $\omega\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} \tilde{f})$
$0\leq W_{q}(\omega)<C_{q}$ $(q=1, \cdots, n-1)$









$G’\ovalbox{\tt\small REJECT} G/<$ -1> $|\alpha_{p}|$ $n$
, $\delta,$ $\delta’>0$ ,
$| \sum_{q=1}^{r_{2}}(v_{\sigma(q)}-v_{q})\log|\omega^{(q)}||\leq\delta$ $(\sigma\in G’, \sigma\neq 1)$
$|\arg\omega^{(p)}|<\delta’$ $(p=1, \cdots, r_{2})$
$K$ ,
$W_{q}(\omega),$ $_{p}(\omega)$ , $C_{q},$ $B_{p}>0$ , $\omega$
$(*2)\{\begin{array}{l}0\leq W_{q}(\omega)<C_{q}^{(2)}(q=1,\cdots,r_{2}-1)0\leq\ominus_{p}(\omega)<b_{p}(p=1,\cdots,r_{2})\end{array}$
, , $K$ Galois
$K$ Galois
Proposition 1
$L$ $K$ Galois , $[L:\mathbb{Q}]=$





$\mathfrak{P}_{1}=(\Omega)_{L},$ $\Omega\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} \tilde{\mathrm{f}}_{L})$
$1-\epsilon<\mathrm{W}^{\frac{(q)1}{\sqrt{p}}}|\Omega<1+\epsilon$ $(q=1, \cdots, R_{1}+R_{2})$




$\mathfrak{p}_{i}=(\omega_{i}),$ $\omega_{i}\equiv 1(\mathrm{m}\mathrm{o}\mathrm{d} \tilde{f})$
$1-\epsilon<|\underline{\omega^{(q)}.}|<1+\epsilon$ $(i=1, \cdots, n, q=1, \cdots, r_{1}+r_{2})$
$n\sqrt{p}$
$-\epsilon<\arg\omega_{i}^{(p)}<\epsilon$ $(i=1, \cdots, n, p=r_{1}+1, \cdots, r_{1}+r_{2})$
$|\alpha_{p}|$ $n$
$(*3)$ $(*1)$ , $(*2)$
Proposition 1 $\text{ }$
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